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ABSTRACT 
For Hybrid fixed point theorem for nonincreasing mapping in partially ordered complete metric space to prove 

existence as well as initial value problem of nonlinear first order ordinary differential equations. 
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INTRODUCTION 
The mixed hypothesis of algebra, topology and geometry then it is called as hybrid fixed point theorem and these 

hybrid fixed point theorem constitute a new stream of hybrid fixed point theory in the subject of non-linear 

functional analysis. It is well known that the hybrid fixed point theorem which are obtained using the mixed 

argument from different branches of Mathematics ,particularly the theory of non-linear differential and integral 

equations, (see Heikkila and Lakhsmikantham [06], Zeidler[09 ]and Dhage[02,03,05]) 

 

This fixed point theorem combines the metric fixed point theorem of Banach with a topological fixed point 

theorem of schauder in a Banach space and  krannoselskiihim self applied it to some non-linear integral equations 

of mixed type for proving the existence results under mixed Lipschitz and compactness conditions. Recently, Ran 

and Recurings [08] initiated the study of hybrid fixed point theorems in partially ordered sets which is further 

continued in Nieto and Rodriguez –Lopez [07] and proved the hybrid fixed point theorem for the monotone. 

 

Definition 1.1:- A partially ordered metric space  dX ,,   is called regular if nx is a nondecreasing 

(respectively nonincreasing) sequence in x such that  xxn  as n then  xxn (respectively  xx
n

 ) for 

all Nn . 

Lopez and Nieto[07] gives following definition. 

Condition (NL):- A partially ordered metric space X with metric d is said to satisfy condition (NL) if for every 

convergent sequence  nx
 
in X  to the point x  whose consecutive terms are comparable then there exists a 

subsequence  knx of  nx  such that every terms is comparable to the limit x . 

The following hybrid fixed point theorem for nonincreasing mapping is proved in Nieto and Lopez [07]. 

Theorem 1.1(Nieto and Rodriguez-Lopez [07]):- Let  ,X  be a partially ordered set and suppose that there is 

a metric d in X  such that  dX ,  is a complete metric space. Let XX  : be a monotone nonincreasing 

mapping such that there exists a constant  1,0  such that 
                                                           

    )1.1(,, yxdkyxd 

For all element Xyx , , yx  . Assume that either   is continuous or X satisfies condition (NL). Further if 

there is an element Xx 0 satisfying 00 xx  or 00 xx  then  has a fixed point which is further unique if 

‘’every pair of element in X  has a lower and an upper bound’’. 
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HYBRID FIXED POINT THEORY 
We consider the following definition in what follows. 

Condition (D):- A partially ordered metric space X  with metric d is said to satisfy condition (D) if every 

sequence  nx  in X  whose consecutive terms are comparable has a monotone i.e.nondecreasing or nonincreasing 

subsequence. 

   There do exist sequence in X  with condition (D). For example, if we consider X = Ɍ, then the sequence  nx  

in Ɍ defined by  
n

x
n

n

1
1

1
  has two subsequence, one is nondecreasing another is nonincreasing. Again, 

the sequence 








 .......
4

1
,3,

2

1
,1  satisfies the condition (D) but not condition (NL). 

Definition 2.1:- Let  dX ,  be a metric space and Let XX  : be a mapping. Given an element Xx , we 

define an orbit  ;xO of   at x  by 

 :xO  .......,......,, 2 xxxx n
 

Then   is called  -orbitally continuous on X if for any sequence     ;xOxn , we have that  xxn

 TxTxn for each Xx .The metric space X is called as T orbitally complete if Cauchy sequence if 

 nx  TO ,  Converges to *x in X . 

Note:-The continuity implies that  orbitally continuity and completeness implies  orbitally completeness 

of a metric space X , but converse may not be true. 

Definition 2.2(Dhage [5]):- A mapping XXT : is called partially continuous at a point Ea if for   ϵ 0

there exists a 𝛿 0 such that || ax  || < ϵ whenever x  is comparable to a  and || ax   || <𝛿.   Called partially 

continuous on X , then it is continuous on every chain C contained in .X  

     We frequently need a fundamental result concerning Cauchy sequence in what follows. For, we need the 

following definition. 

Definition 2.3 (Dhage [4]):- A mapping   RR:
 
is called a Dominating function or, in short, function if it 

is an upper semi-continuous and monotonic nondecreasing function satisfying .0)0( 
 

Lemma 2.1:- Let   RR: be D -function satisfying   rr  for .0r the lim   .0 tn
n for Rt

and vice versa. 

      Now we are ready to state a key result in terms of D -function characterizing the Cauchy sequences in a metric 

space X . 

Lemma 2.2:- If  nx  is a sequence in a metric space  dX , satisfying  

     )1.2(, 11 nnnn xxdfxxd  
  

for all Nn , where f is a D function such that   ,0,  rrrf
 
then  nx  is Cauchy. 

Theorem 2.1:- Let  dX ,,   be a partially ordered metric space. Let XX  : be a monotone nonincreasing 

mapping such that there exist a D -function such that  

     )2.2(,, 2 xxdxTxd 

 

For all element Xx comparable to Tx , where   0,  rrr . Suppose that either X  is  -orbitally complete 

and  is  orbitally continuous or  is partially  orbitally continuous and X is regular and satisfies 

condition (D). Further if there is an element Xx 0 satisfying 00 xx  or 00 Txx  , then T has a fixed point x* 

and the sequence  0xT n
 of iterations converges to x*. 

Theorem 2.2:- Let  dX ,,   be a partially ordered metric space. Let XX  : be a monotone nonincreasing 

mapping such that there exist a D -function such that                             

     )3.2(,, yxdyxd   

For all comparable elements Xyx , , where   .0,  rrr
 
suppose that either X is  orbitally complete 

and  is  -orbitally continuous or  is partially  -orbitally continuous and X is regular and satisfies condition 

(D).  Further if there is an element Xx 0 satisfying  00 Txx   or 00 Txx  , then  Has a fixed point x and the 
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sequence  0xT n  of iterations converges to x which is further unique if “every pair of elements in X has a lower 

and an upper bound". 

Theorem 2.3:- Let  dX ,,
 
be a partially ordered metric space and Let XXT : be monotone mapping 

(monotone increasing or monotone decreasing) satisfying (2.2). Suppose that either X is         T -orbitally 

continuous or  is partially T-orbitally continuous and X is regular and satisfies condition (D). If there exist an 

Xx 0 with 0x 0Tx or 00 Txx  , then T has a fixed point x and the sequence  0xT n  of iterations converges 

to x . 

Theorem 2.4:- Let  dX ,,   be a partially ordered complete metric space. Let XX  : be a monotone 

mapping (monotone nonincreasing or monotone decreasing) satisfying (2.3). Suppose that either X is T -orbitally 

complete and X is regular and satisfies condition (D). If there exists an Xx 0 with 00 xX   or 00 xX  , Then 

T has a fixed point x and the sequence  0xT n  of iterations of  at 0x  converges to x which is further unique 

“every pair of elements in  X  has a lower and an upper bound".  
 

APPLICATIONS TO HYBRID DIFFERENTIAL EQUATIONS 

Given a closed and bounded interval   att 00 , of the real line R for some 0,0  awithRat ,Consider the 

initial value problem ( i.e. IVP ) of first order ordinary nonlinear Hybrid differential equations ( In short HDE ). 

     
       
  









Rxtx

Jttxtgtxtftx

00

.
' ,,,

                                                                                     (3.1)                                                            

    Where RRJgf :, is continuous function. 

By a solution of the HDE (3.1). We mean a function  RJCx ,  that satisfies equation (1.1), where  RJC ,  is 

the space of continuous real –valued functions defined on J . 

      The HDE (3.1) is well-known in the literature and discussed at length for existence as well as other aspects of 

the solutions. The HDE (3.1) is considered in the function space  RJC ,  of continuous defined on J . We define 

a norm || . || and the order relation  in  RJC ,  by 

                                             

)2.3(||sup|||| tx
Jt



 

And                                                       

    )3.3(tytxyx 

 

For all Jt . Clearly  RJC ,  in a Banach space with respect to above supremum norm and also partially ordered 

w.r.to the above partially order relation   in it. It is known that the partially ordered Banach space  RJC ,  is 

regular as well as lattice. 

Definition 3.1:- A function  RJCu , is said to be a lower solution of the HDE (1.1) if it satisfies 

  
       
  









00

' ,,

xtu

tutgtutftu
                                   For all Jt  

 We consider the following set of assumptions in what follows. 

 1A  There exist constants 0  and 0 , with   such that 

   
 

                 0,,,,
1





ytgytfyxtgxtfx

yx

yxyx



 

For all Jt and Ryx , , yx  . 

 2A  The HDE (1.1) has a lower solution  RJCu , . 

 Consider the IVP of the HDE 
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)4.3(
,,'

00 







xtx

txtgtxtftxtx 

For all Jt , where RRJgf 


:,  and  

        )5.3(,,,, xxtgxtfxtgxtf 


Remark: - Note that the condition 


gf ,  is continuous on RJ  and so the associated superposition Nymetski 

operator  xF is integrable on J . Again, a function  RJCu ,  is a solution of the HDE (3.4) iff it is a position of 

the HDE (1.1) on J . 

Lemma 3.1:- A function  RJCu , is a solution of the HDE (3.4) iff it is a solution of the nonlinear integral 

equation  

      

        )6.3(,,

00




















 dssxsgedssxsfeecetx

t

t

s

t

t

stt    

For all Jt where C is a real number defined by 0
0

t
exC  . 

Theorem 3.1:- Assume that hypothesis  1A and  2A  hold .then the HDE (1.1) has a unique solution x  

Defined on J  and the sequence  nx of successive approximations defined by  

        )7.3(,,

00

1 













 



 dssxsgedssxsfeeectx

t

t

n
s

t

t

n
stt

n


 

Where ux 0  
converges to .x  

Proof: Set ),( RJCE  and define two operators A on E by  

                      

        )8.3(,,,

0 0

JtdssxsgedssxsfeeectA

t

t

t

t

sstt
x 















  


 

 

From the continuity of the integral, it follows that A defines the map EEA : . Now by lemma (3.1) 

The HDE (3.1) is equivalent to the operator equation. 

                                

    )9.3(, JttxtAx 

We shall show that the operator A satisfies all the condition of theorem (2.1) 

    First we show that A is monotone nonincreasing on E , let Eyx ,  be such yx   

       






















 


 dssxsgsxxfeeectA

t

t

stt
x

0

,,           

     






















 


 dssysgsyxfeeec

t

t

stt

0

,,  

           tAy  

   tAtA yx   for all Jt . 

This shows that A is nonincreasing operator on E into E . Next, Let Eyx , be such that yx  

.then  
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 By Assumption  1A  
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yx
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But 0  hence  

   
||||1

||||
||||

yx

yx
tAtA yx




  

For all jt .Taking supremum over t, we obtain  

     |||||||| yxtAtA yx    

For all Eyx ,  with yx  , where   is a D -function defined by   0,
1




 rr
r

r
r . Hence A  

Satisfies the contraction condition (2.3) on E which further implies that A is a partially continuous and 

consequently partially T -orbitally continuous on E. 

Next, we show that u satisfies the operator uAu . By hypothesis  2A , the HDE (1.1) has a lower solution u

.Then we have 

         

       
 

 10.3
,,

00

'











xtu

tutgtutftu

 

For all Jt  , Adding   tu   on both sides of the first inequality in (3.10), we obtain 

             11.3,,,' Jttututgtutftutu    

Again, multiplying the above inequality (3.11) by 
te 
 

             tuetutgetuetutfetuetue tttttt    ,,'
 

                     tutgetutfe tt ,,      (By Assumption 2A ) 

          )12.3(,,' tutgtutfetue tt  

 
 Taking integration on the both side from ttot0 , we get w.r.to s 

         cdssusgsusfetue

t

t

st  
0

,,
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        )13.3(,,

0

t

t

t

st ecdssusgsusfeetu  


 







 

 

For all .Jt from definition of the operator A it follows that    tAutu   for all Jt  . 

Hence uAu . Thus A satisfies the condition of theorem (2.2) and we apply it to conclude that the operator 

equation xxA  has a solution. Consequently the integral equation and the HDE (1.1) has a solution *x  defined 

on J .  Furthermore, the sequence  nx of successive approximation defined by 

(3.7) converges to *x . Hence the proof. 
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