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ABSTRACT
For Hybrid fixed point theorem for nonincreasing mapping in partially ordered complete metric space to prove
existence as well as initial value problem of nonlinear first order ordinary differential equations.
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INTRODUCTION

The mixed hypothesis of algebra, topology and geometry then it is called as hybrid fixed point theorem and these
hybrid fixed point theorem constitute a new stream of hybrid fixed point theory in the subject of non-linear
functional analysis. It is well known that the hybrid fixed point theorem which are obtained using the mixed
argument from different branches of Mathematics ,particularly the theory of non-linear differential and integral
equations, (see Heikkila and Lakhsmikantham [06], Zeidler[09 Jand Dhage[02,03,05])

This fixed point theorem combines the metric fixed point theorem of Banach with a topological fixed point
theorem of schauder in a Banach space and krannoselskiihim self applied it to some non-linear integral equations
of mixed type for proving the existence results under mixed Lipschitz and compactness conditions. Recently, Ran
and Recurings [08] initiated the study of hybrid fixed point theorems in partially ordered sets which is further
continued in Nieto and Rodriguez —Lopez [07] and proved the hybrid fixed point theorem for the monotone.

Definition 1.1:- A partially ordered metric space (X, <, d) is called regular if{x,}is a nondecreasing
(respectively nonincreasing) sequence in x such that x, — x* as n —oothen x, < X" (respectively X = x* ) for

allneN.
Lopez and Nieto[07] gives following definition.
Condition (NL):- A partially ordered metric space X with metric d is said to satisfy condition (NL) if for every

convergent sequence {xn} in X to the point x* whose consecutive terms are comparable then there exists a

subsequence {xnk} of {x,} such that every terms is comparable to the limit x*

The following hybrid fixed point theorem for nonincreasing mapping is proved in Nieto and Lopez [07].
Theorem 1.1(Nieto and Rodriguez-Lopez [07]):- Let (X ,s) be a partially ordered set and suppose that there is

a metric d in X such that(X,d) is a complete metric space. Let T: X — X be a monotone nonincreasing
mapping such that there exists a constant Ke [0,1) such that
d(Tx, Ty)<kd(x,y) 1.2
For all element x,y € X , x>y . Assume that either T is continuous or X satisfies condition (NL). Further if
there is an element X, € X satisfying x, <Tx,or X, > TxythenT has a fixed point which is further unique if
“’every pair of element in X has a lower and an upper bound”’.
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HYBRID FIXED POINT THEORY

We consider the following definition in what follows.

Condition (D):- A partially ordered metric space X with metric d is said to satisfy condition (D) if every
sequence { x,} in X whose consecutive terms are comparable has a monotone i.e.nondecreasing or nonincreasing

subsequence.
There do exist sequence in X with condition (D). For example, if we consider X =R, then the sequence {xn}

in R defined by X, = (—1)“ +1H has two subsequence, one is nondecreasing another is  nonincreasing. Again,

the sequence {1, —%, 3, —% ...... } satisfies the condition (D) but not condition (NL).

Definition 2.1:- Let (X,d) be a metric space and Let T: X — X be a mapping. Given an elementx e X , we
define an orbit O(x; T)of T at X by

o(x:T)z{x, X, T T'Xooo. }
Then T is called T -orbitally continuous on X if for any sequence {x, } O(x;T), we have that x, — x*
= Tx, — Tx" for each x e X .The metric space X is called as T —orbitally complete if Cauchy sequence if

{x,}< {O,T} Convergesto x"in X .
Note:-The continuity implies that T — orbitally continuity and completeness implies T — orbitally completeness
of a metric space X , but converse may not be true.
Definition 2.2(Dhage [5]):- A mapping T : X — X is called partially continuous at a point a< E if for €>0
there exists a § > O such that || Tx — Ta || < e whenever X iscomparableto a and|| x—a ||<d8. T Called partially
continuous on X , then it is continuous on every chain C contained in X.

We frequently need a fundamental result concerning Cauchy sequence in what follows. For, we need the
following definition.
Definition 2.3 (Dhage [4]):- A mapping @ : R, — R, is called a Dominating function or, in short, function if it

is an upper semi-continuous and monotonic nondecreasing function satisfying ®(0) = 0.

Lemma 2.1:- Let W:R, — R, be D -function satisfying ¥(r) < rfor r>0.the lim,, ¥"(t)=0.for teR,
and vice versa.

Now we are ready to state a key result in terms of D -function characterizing the Cauchy sequences in a metric
space X .
Lemma 2.2:- If {x,} is a sequence in a metric space (X,d)satisfying
d(xm Xn+1)S f(d(xn—l Xn)) (2-1)
forallne N, where f isa D —function such that f(r)<r,r >0, then {xn } is Cauchy.
Theorem 2.1:- Let (X v < d) be a partially ordered metric space. Let T: X — X be a monotone nonincreasing
mapping such that there exist a D -function such that
d(mx,T2x)<@(d(x, X)) 2.2)

For all element x € X comparable to Tx , where <I>( r) <r, r>0.Suppose that either X is T -orbitally complete
and Tis T-orbitally continuous or T is partially T —orbitally continuous and X is regular and satisfies
condition (D). Further if there is an element x, e X satisfying X, < Txq0r X, >Tx,, then T has a fixed point X
and the sequence {T " Xo } of iterations converges to x".

Theorem 2.2:- Let (X, s d) be a partially ordered metric space. Let T: X — X be a monotone nonincreasing
mapping such that there exist a D -function such that
d(Tx, Ty)<¥(d(x y) 23
For all comparable elements x ,y € X , where \P(r) < r, r > 0. suppose that either X is T — orbitally complete
and T is T -orbitally continuous or T is partially T -orbitally continuous and X is regular and satisfies condition
(D). Further if there is an element x, € X satisfying X, <TX, or X, >TX,, then T Has a fixed point x" and the
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sequence {T ”xo) of iterations converges to x* which is further unique if “every pair of elements in X has a lower

and an upper bound".
Theorem 2.3:- Let (X,s,d) be a partially ordered metric space and Let T : X — X be monotone mapping

(monotone increasing or monotone decreasing) satisfying (2.2). Suppose that either X is T -orbitally
continuous or T is partially T-orbitally continuous and X is regular and satisfies condition (D). If there exist an

Xg € X With Xy <Tx,0r Xy = TX,, then T has a fixed point x" and the sequence {T " Xo ) of iterations converges
tox”.

Theorem 2.4:- Let (X, < d) be a partially ordered complete metric space. Let T: X — X be a monotone
mapping (monotone nonincreasing or monotone decreasing) satisfying (2.3). Suppose that either X is T -orbitally
complete and X is regular and satisfies condition (D). If there exists an X, € X with X, <Tx, or X, = Tx,, Then
T has a fixed point x* and the sequence {T "Xo ) of iterations of T at x, convergesto x* which is further unique
“every pair of elements in X has a lower and an upper bound".

APPLICATIONS TO HYBRID DIFFERENTIAL EQUATIONS
Given a closed and bounded interval [t,, t,., |of the real line R for some t,,acR with a>0 Consider the

initial value problem (i.e. IVP ) of first order ordinary nonlinear Hybrid differential equations ( In short HDE ).
x(t)=f(t, x@)+glt, x(t)),ted
X(to)=xo €R } 31)
Where f,g:J xR —Ris continuous function.
By a solution of the HDE (3.1). We mean a function x C(J,R) that satisfies equation (1.1), where C(J,R) is

the space of continuous real —valued functions defined on J .
The HDE (3.1) is well-known in the literature and discussed at length for existence as well as other aspects of
the solutions. The HDE (3.1) is considered in the function space C(J , R) of continuous defined on J . We define

anorm|| . || and the order relation <in C(J,R) by

[ || =sup] t| (32)
ted

And
x<y<x(t)<y(t) (3.3

Forall te J . Clearly C(J , R) in a Banach space with respect to above supremum norm and also partially ordered
w.r.to the above partially order relation < in it. It is known that the partially ordered Banach space C(J, R) is

regular as well as lattice.
Definition 3.1:- A function ueC(J,R)is said to be a lower solution of the HDE (1.1) if it satisfies

()< 1) gltut) .
u(ty) <,

We consider the following set of assumptions in what follows.

(A,) There exist constants 2> 0 and > 0, with 2>z such that

At PO < e L1 ot L)+ L1 ] 6tv)] < 0
Forall te Jandx,yeR, x>y.

(A,) The HDE (1.1) has a lower solutionu eC(J,R).

Consider the I\VP of the HDE
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X '(t)+ Ax(t)=f(t,x(t)+atx(t) } 3.4
X(to):Xo

ForallteJ , where E,Q:J xR >R and
£(t,x)+g(t, x)=f (t, )+ glt, x)+ A (35)

Remark: - Note that the condition f é is continuous on J x R and so the associated superposition Nymetski
operator (F, )is integrable on J . Again, a function ueC(J,R) is a solution of the HDE (3.4) iff it is a position of

the HDE (1.1) on J .
Lemma 3.1:- A function ueC(J,R)is a solution of the HDE (3.4) iff it is a solution of the nonlinear integral

equation

t _ t _
x(t)=ce ™'+ Ie“ f(s,x(s))ds + J‘e’15 g(s, x(s))ds (3.6)
to t
For all t €J where C is a real number defined by C =x, ' .
Theorem 3.1:- Assume that hypothesis (A ) and (A, ) hold .then the HDE (1.1) has a unique solution x*
Defined on J and the sequence {xn} of successive approximations defined by

t ~ t
X, (t)=ce ™t ye Je“ f(S,Xn(S))dS-FJ.eAS g(s, x,(s))ds (3.7)
t

f

Where x,=u convergesto X".
Proof: Set E =C(J, R) and define two operators A on E by

t _ t _
A(t)=ce™ +e Je“ f(s,x(s) s+J-e”15 g(s, x(s))s |,te J (3.8)

) to

From the continuity of the integral, it follows that A defines the map A: E — E . Now by lemma (3.1)
The HDE (3.1) is equivalent to the operator equation.

At)=xt), ted (3.9)
We shall show that the operator A satisfies all the condition of theorem (2.1)
First we show that A is monotone nonincreasingon E , let X,y € E be such x >y

t

()= o e e ) afs ()

t0
t _ _
<ce et Ie“[ f(x,y(s))+g(s, y(s))j ds
t0
<A/t)
A(t)<A,(t) forall teJ.
This shows that A is nonincreasing operator on E into E . Next, Let X, yeE be such that x>y
.then
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eMﬁeﬂs[ﬂs,x(s)»é<s,x<s>>stHje“[%(s,x(s>>+§<s,x<s»jds]

to to

|A)- A (t)l=

By Assumption Ay

|

<o At[es |X(S)—Y(5)| S
e[ 2 T

to

t

<ot iezs I x=yll
ds I+ x=y]l
%)

<M I X=yll (eﬂs)§0
I+ x =yl

<ot _Ix=yll (e“ _etol)
I+ x=yll

< I x=yll (1_6—/1&40))
L{fx=yll

But A > 0 hence

I x=yll
1A, (t)- A, @) <
=A< Ry

For all te j.Taking supremum over t, we obtain

IAE)-ACEI < v (Ix=yl)
Forall x,yeE with x>y, where y isa D -function defined by v ( r ):ﬁ <r,r>0.Hence A
+

Satisfies the contraction condition (2.3) on E which further implies that Ais a partially continuous and
consequently partially T -orbitally continuous on E.

Next, we show that u satisfies the operator u< Au. By hypothesis (Az) , the HDE (1.1) has a lower solution u
.Then we have

u'(t)< f(t,ult)+glt ,u)) }

ulty) <%, (3.10)

Forall teJ , Adding /Iu(t) on both sides of the first inequality in (3.10), we obtain
u'(t)+2u(t)< f (t,u(t)+g(t,ut)+Au(t)ted (3.11)
Again, multiplying the above inequality (3.11) by e *!
e*tu'(t)+e* Au(t) < e f(tu(t)+e* Au(t)+e* g(t,u(t)+e* Au(t)
<e* f(t,u(t))+e* glt,u(t) (By Assumption A,)
" ut) <e*[Ftu(t)+glt.ut))| (3.12)

Taking integration on the both side fromt, to t, we get w.r.to s
t

e*tu(t) < Ie“ (?( s,u(s))+g (s, u(s))ds) +C

to
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t — —

u(t) <e ™ J'e“( f(s,u(s)+g(s, u(s))J ds+ce ! (3.13)

to

For all teJ. from definition of the operator A it follows that u(t) <Au(t) forallt €J .
Hence u<Au. Thus A satisfies the condition of theorem (2.2) and we apply it to conclude that the operator

equation Ax = x has a solution. Consequently the integral equation and the HDE (1.1) has a solution X"~ defined
onJ . Furthermore, the sequence {xn} of successive approximation defined by

(3.7) converges to X . Hence the proof.
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